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Copula entropy method and its application to
trivariate flood frequency calculation
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Abstract; In order to avoid selection of the type of functions when using traditional copula methods to fit the joint
probability distribution, the copula function and the maximum entropy principle were jointly used (in a method also
called the copula entropy method ), and the two-dimensional joint distribution functions of flood variates were
obtained by solving the copula function with the maximum entropy. With the solved copula function, the two-
dimensional joint distribution functions of flood variates ( peak discharge, flood volume, and flood duration) were
mutually constructed. The Gibbs sampling method and copula functions were used to stochastically simulate
trivariate flood events. A case study was conducted using the observed flood data from the Lutaizi Hydrological
Station on the Huaihe River. A goodness-of-fit analysis shows that the copula entropy method is effective in fitting

multivariate probability distributions and the Gibbs sampling method is effective in simulating trivariate flood events.
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T Copula PR 22 75 i 7K SC T8 45 3 1Y 38 M R s Copula @ﬁﬁ?ﬂ—:gﬁ%fﬁ, Horp — 4
Archimedean Copula PRECN ) 12 . & H ) Archimedean Copula PREUfLFE Frank Copula,Gumbel Copula I
Clayton Copula 2H W AMNAAT JE TR Copula pRELAY Gaussian Copula 45, 1 X H 44 [A] @128 BLA 18 1Y
Copula PREGHTT Z AR AR/ LA . Salvadori 55 Fl Archimedean Copula PREUHE S T i K7 5k
KR I g K S KSR SRR I Y 3 2H Z4ERRS 43 A, 23T T Gumbel Copula Fl Frank
Copula PRELFE/K SC —HENLABIK & itg g A %M, Zhang 414 ] 4 B Archimedean Copula PREHI & T
b 5tk R oK B R SR DT B 2 4 RS A, HeEs TR L EE , A Gumbel Copula
SR K AL A dch . H D 22 RIEAE N ] Gumbel Copula pREUM 1 #1243 A1 oy P- TN AL 53 Aii (1
AR BEEG A A , P LA IR HE I R /K Sk . Renard 557 4819 T Gaussian Copula 7£3E /K 4505 5347 1 14 B
o AR A T 4 M FRIG Archimedean Copula 1 5 FiAEXIFRE Archimedean Copula Xf TSP 15
SUREMBZUREEAR 3 A>T FARAE AR B S 0A UA 8CR . AR Copula BRI N E + 23712 (B AEHEAT
Copula PRELSELRIAL B Z 1, WAIEEEXT Copula PRELAYZS B MEA T L85 SR AT HL&0 0, X e AU 5
AR A SE %ML, T IE BT SRS AN, Oy 17 sl S ok b 228 JU T3 014 i 22 , A SO e MRt 3
H1 Copula PREXHELSHEATHES, B Copula #5773, FH LASRAS B A MR 404 % R, 7340 ML 509 Copula J5
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1.1 Copula FH#
i Sklar 22 BEA[ 15 —4E Copula PR%L:
F(x,,%,) = C(F, (%)) ,Fy(x,)) = C(u,v) (1)
K F(x),xy) —— KRB RS RBG F, (x,) = u Fy(x,) = vo——3DZR AT R EL,
FRPE Sklar 5 PR, #7300 2% 40 A PRABUEEZERY , W Copula PREL C(u,v) ME—
1.2 JRKXFEEFEES Copula 1H
RAEREES X T — M EL LR X e [a,,a, |, #BEREBERECH f(x) , WHAE W 2 SCh

H=- jf(x)lnf(x)dx (2)

HRAE R KA S B ( POME ) |, 24 H USSR RAE I, ACHABGE fi/ s, T AT AR B e 5T B 9K I AR
ZE/MA f(2) ), X Copula pREL, X A Copula 4

W=—lfljc(u,v)lnc(u,v)dudv (3)

aC*(u,w)
Judv

Hrp c(u,v)=

HHr.e(u,v) T4 Copula HER % B R %k,

HRAE POME, 30(3) R W iKY ¢ (u,v) BRI il & iR A A R R R
1.3 3Kf# Copula BEZE % E R

R E AT ¢(u,v) , BT AR H PR B H 13555520 (3) #E472K i, M4 Copula M5 %% B pR 0 ) 14
T, AT A AR 25 550

1
ffc(u,v)dudv=l (4)
00

. . i 1

L{u’c(uw)dudv =r T 1 {!p’c(u,v)dudv :r +1 (5)
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1 3
quvc(u,v)dudv=p1+2 (6)
A r B ;e Spearman FRAH I R EL,
Chu " UEIA, (£33 (3) BUSHR KRABAY ¢ (u,v) BIFRIKN
c(u,v) = }irgs(u,v)
J'J'e(u,v)dudv (7)

Hrp eg(u,v) =exp[ - Z(ar u +B.v") - Auv]

Ko BA—FFRREG—FEMIBTEL,

(7)) B AT AR, of LAGE AW AR T S Rk 240 HEISR 15 Copula AR 25 B pRAY 3k 5K,
1.4 Gibbs REFFEER=TEHKEH

Copula JE T IEAEREE 1] DL B 4k e 51 =4 153 =78 & Copula M5 B eR AL, (AT A EEK,
FLACHERT , %% R0 Gibbs SRAETT 2 R 4k Copula pRBHEAT = 4 FEHLAS BHREL 1 Ah 7 vk IR B {20 3t
S Y, O T AR IR D B A BE RS P s has A

A X Y. Z Nt KRR R K DT A BEHLAS a2 SRR BT | K R K D A
B BT e, B e, 70 ) 7R BRI I i 5 K B 1Y Copula %5 B pRECHITE I 3 & S5 /K DI Copula %%
FEREL, BEHLAER 4 4 0~1 Z[BIMEENLEL (a,b,c,d) , % vo=a, TS

P(X <« Y=y0>=fc/w(x,y0)dx=b (8)

I (8) IR v, , 8 &« FEA

"

Pr(YsyllX:xl):JcXY(xl,y)dy:c (9)
0

A1

P(Z <z | X=x])=J'cXZ(xl,z)dz=d (10)

OrRAS v, Mz B DL EALBERT AR EUE B2 = HEME (v, y,2) , SRJ5 I 0 A 380017 R Y
B eRBSCRS (0, y ,2) B4 SR BT X N A BAE, 19 SR 24 =78 i BOK O AT PR A Pk S F k47
LR BG4

2 GR545H

PIHE T & F 7K 300 245 (1954—1998 4F ) P AU Bk R A 58X 42, $iiE: Copula 45 77 74 HI A AL
P, BB TR SCH TR i, 16 A 88 630 km® , 24 -3 i 693 m’/s, EAHKE 452, N T /07l
FEOULI KA >R FH A B (B VA B K S, I 5 2. 000 m*/s (R 2], 7 SCoA it /K = 24 (%) s 1) 9 o
KT 2000 m®/s BB 2, 78 SCABEK AR ZE ST T] . Ry 1 GRUEBE KSRl M B 2 AUk = 2 1]
RIS /INT 3 d, A0, P ACK G I —3 itk o AR Z0E 7k, 3 AU aR WL 55} rh S B 56 3
HEK A,
2.1 BHHSHEUE

S P-4 A 7 A 236 43 0 ( Generalized
Pareto Distribution, GPD ) . |~ X #% {H 43 #i ( Generalized

Fx1 ENHRBWINESHRE
Table 1 Goodness-of-fit for

different distribution functions

NMSE

Extreme ‘Value di/siributiAon , F;EV ). (jyamma AR By ol CEV  Comma CPD BT
AR LI 30 5 45, 96O i S — ey gy PR B

(Normalized Mean Square Error, NMSE ) 5 225643 1 #47 v 0.98  0.377  0.951  0.968  0.850
Fedss, g5 FH P-M AR GO (£ 1), K1 D 0.967 0.577  0.953  0.955  0.951
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Fig. 1 Theoretical distribution curves and empirical cumulative distribution functions of flood variables
2.2 Copula ZEEREITE
IR L3 POy AT R R, (7)) P 2R 2 A3 i TR R RBOLR 2, M =3 1T,
R o, B, AEH /N, R e (u,v) RFTFRIFR n=2 BI0] | FREA[153] 3 > "JC Copula % K%L

Ce) PP

1.26u + 34.3u” + 1.260 + 34. 3"
c/W(”y”) = 11
[[(1.26u + 34,30 + 1.260 + 34. 30 ) dudo
00
1.53u + 19.8u? + 1. 53w + 19. 8u*
CPD(uaw>:11 (11)
JJ(1.53u +19. 86> + 1.53w + 19. 8u?) duduw
00
0.463v + 3200 + 0. 463w + 320w°
cp(v,w) =45
[[(0.4630 + 32007 + 0. 463w + 3200° ) dvdu
00
M| Copula ZRFMER 7341 BRECT Ry
F(x) B(y)
Col Fu() Fs(0 ] = [ [ epuso) dude
0 0
Fi(x) F(2)
Copl Fi(2) Fy()] = [ [ eppCuw) dudu (12)
0 0
B B(2)
Col Fs(0) Fy(] = [ [ epp(v.w) dudu
0 0
PP g 523188 56 53 A7 ol B0k £ T 90 ®2 WRE Copula MERH
HA AR B B 2 th B A T I A ( Eg Table 2 Parameters of bivariate copula functions
AN R a) . BEA MR R Hh— /R Zx " (P.D) v.0)
iR —E (AR A UL SR [ 3], A SO n=2 n=3 n=2 n=3 n=2 n=3
YA S/ K TR, 56/45 . a, 1.26 1.26 1.53 1.53 0.463  0.463
) 34.3 34.3 19.8 19.8 320 320
2.3 STEHOKEMHE i 5 S s
. - ay 1. 24x10" -2.52x10" ~1.79%10"
H TR TR B (7 R AT - Bi 1.26 1.26 1.53 1.53 0. 463 0. 463
B BT LR R A MR SRR T 5, aas 34.3 19.8 19.8 320 320
Tt BEMHAEIR M T KR B, -6.71x10° 3.66%10° 1.08x10°
HEVRER ., TFE 45 a(1954—1998) [A] ,IA KAEE A -71.2 -71.2 -42.7 -42.7 ~641 -641
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B K SR 10, R A 1 IRIAE 14a, KRAE2 RINA 17a, B3 IRIWA 6a, Bl P(n=0)=10/45,P(n=1)=
17/45,P(n =2) = 12/45,P(n = 3) = 6/45, 454 1.3 ) Gibbs REEJT ¥, 133 1000 a ARLILEE K 354
(Kl2),
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Fig. 2 Observations and simulated flood events with a 1000-year return period and bivariate joint return period contours
2.4 BOKEHEME L ETR
HERAG T Copula %7715 Gibbs RAETT L HIA R , 73 BT HAWIME-S BAUE A 22 0% |, JF 2617 1L
8o Hrh, AR R g R
_K-0.44

F =P Xsx,Ysy Z<z)=—— 1
(vy2)=P(X<xY<yZ<z= 0 (13)
A K—— YRS, m—— B REAAN L

PSR 2 B R I 5 5 30 (13) AL, F F3 FHRES KSKRRER
RIS K-S ( Kolmogorov-Sminov ) ¥ 56 > 17 Table 3 Results of Chi squared test and K-S test

IBHE S SME R LS, R3AH T 2R ar RrgiE R KS%iHE Pt
TERIH AR, R R RIHE/DN TG A, PV 0.0605 34.76 0.0714 0.9982
K-S K56 19 P {E KT 0.05, W R HTE 5% 1Y 1. 3% P.D 0.0969 34.76 0.0893 0.9727
TRV 38 A AR 5, Vi BRI 1 LA, e =2 ) V,D 0.1178 34.76 0.0714 0.9982
ANl R R g, OB IS ek s B sk, _ PYLD 0.0788 33.10 0.0714 0.9982
LSRRI BB TE 5% 1) 10 ZEACE N SHEARRLE BT, eSSt Btk ST HREIE .

3 HiSRE

a. Copula K715 Copula 733000, AT BGH I FF B34 50 A RS ) AR ROV — BB 4 BESK 5
A PREL, 5 Bl Copula J5¥k HE, Copula B 77444 2 T Copula 77 P BUBEPEX — b 2 AR

b. 4545 Gibbs SREETTEEM 4 Copula pREL, 1T AR —ZEI S HEA 0 A bR KOMI 2% (R 3 pR KA T — 2
BERILAS 5 A AAEL , I 52 B = A2 d R SRR RO R . AYENT T & & 5K SCul AR 42, B B ik
T4 G 1954—1998 AF[A] By HE /K S B RL 0P bk G4 04T T AR A AL, B4 RIS 30 45 2R s , 1 ]
Copula J# 75 120 Z4ECG o3 A AT 40538 1 HA R HeAh, Gibbs SRAEJ7 6 AT DL S BN =742 & /K Sf 4 1Y)
BEAILA AL AL i it 1T LS DU ARG o 3205 m) Dozt DX g K ) AR AR | b AR RURS: BEAG L B2 K 5% i
& HA R S 0
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by DX R ST A 801 LA S 515 58 Copula pREIDS ROCR Y HeBGA 75 3k — D98 5 400 . A, Copula 7E
SRARIR G 53 A0 J7 AR S AR v | AN [) 240 TR 2% A A 5 SR %) S i) 45 ) R, 5 20— 2B
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